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1919

|z| < 1 |f(z)| < 1 f(z)

1921

1879

f(z) f(z)

f(z)

f(z)

1897

1882

1883 f(z) ρ = ρ(f)

ρ =
r→+∞

M(r, f)

r
(1)

M(r, f) =
|z|=r

|f(z)|

f(z) ρ 0 < ρ < +∞ n(r, a)

f(z)− a |z| ≤ r

a

r→+∞

n(r, a)

r
= ρ



f(z) = a

f(z) M(r, f)

1893 a

r→+∞

n(r, a)

r
= ρ (2)

f(z)

f(z) G(z) H(z) = G(z)f(z)

f(z) =
H(z)

G(z)

ρ1 ρ2 G(z) H(z) f(z)

ρ = (ρ1, ρ2)

M(r, f)

f(z) M(r, f) r

r

f(z) |z| = r0 f(z)



M(r0, f) +∞ M(r, f)

1925

|f(0)|

=
1

2π

∫ 2π

0

|f(reiθ)|dθ +
k

∑

j=1

r

|bj|
−

h
∑

j=1

r

|aj|
(3)

aj (j = 1 2 · · · h) bj (j = 1 2 · · · k)

f(z) |z| ≤ r f(0) 6= 0

∞ 1913

h
∑

j=1

r
|aj|

=

∫ r

0

n(t, 0)

t
dt

k
∑

j=1

r
|bj|

=

∫ r

0

n(t, ∞)

t
dt

n(t, 0) n(t, ∞) f(z) |z| ≤ t

+ x =

{

x (x ≥ 1)

0 (0 ≤ x < 1)



1

2π

∫ 2π

0

|f(reiθ)|dθ =
1

2π

∫ 2π

0

+ |f(reiθ)|dθ

−
1

2π

∫ 2π

0

+ 1

|f(reiθ)|
dθ

1

2π

∫ 2π

0

+ |f(reiθ)|dθ +

∫ r

0

n(t, ∞)

t
dt

=
1

2π

∫ 2π

0

+ 1

|f(reiθ)|
dθ +

∫ r

0

n(t, 0)

t
dt+ |f(0)|

f(0) 6= 0 ∞

m(r, f) =
1

2π

∫ 2π

0

+ |f(reiθ)|dθ,

N(r, f) =

∫ r

0

n(t, ∞)− n(0, ∞)

t
dt+ n(0, ∞) r

m(r, f) +N(r, f) = m

(

r,
1

f

)

+N

(

r,
1

f

)

+ |cλ| (4)

cλ f(z)

f(z) = cλz
λ + cλ+1z

λ+1 + · · · (cλ 6= 0)

4 a

m

(

r,
1

f − a

)

+N

(

r,
1

f − a

)

= m(r, f)+N(r, f)+O(1) (5)

T (r, f) = m(r, f) +N(r, f) (6)



f(z) 5

r→+∞
T (r, f) = +∞

1929

T (r, f) =
1

2π

∫ 2π

0

N

(

r,
1

f − eiθ

)

dθ + A

A T (r, f) r

r

T (r, f) M(r, f)

f(z) ρ = ρ(f)

ρ =
r→+∞

T (r, f)

r
(7)

f(z) 7 1

f(z) 7

N

(

r,
1

f − a

)

≤ T (r, f) +O(1) (8)

2

|f(z)| =
1

2π

∫ 2π

0

|f(reiθ)|

(

reiθ + z

reiθ − z

)

dθ

−
h

∑

j=1

∣

∣

∣

∣

r2 − ājz

r(z − aj)

∣

∣

∣

∣

+
k

∑

j=1

∣

∣

∣

∣

r2 − b̄jz

r(z − bj)

∣

∣

∣

∣

(9)

f(z) aj j = 1 2 · · · h bj j =

1 2 · · · k f(z) |z| < r



|z| < r

9 z = 0

f(0) 6= 0 ∞ 3

9

m

(

r,
f ′

f

)

= O{ (rT (r, f))} (10)

f(z) r

N(r, a) =











N

(

r,
1

f − a

)

a 6=∞

N(r, f) a =∞

N(r, a) =







m

(

r,
1

f − a

)

a 6=∞

m(r, f) a =∞

f(z)

10

(q − 2)T (r, f) ≤

q
∑

j=1

N(r, aj)−N1(r) + S(r) (11)

aj (j = 1 2 · · · q) (q ≥ 3) q

N1(r) = {2N(r, f)−N(r, f ′)}+N

(

r,
1

f ′

)

S(r) 10

11 q =

3 11 q 11



1924

11 N1(r)

11 q = 3 N1(r)

f(z) a

r→+∞

N(r, a)

T (r, f)
≥

1

3

q N1(r)

11 f(z)

q
∑

j=1

(

1−
r→+∞

N(r, aj)

T (r, f)

)

≤ 2 (12)

δ(a) =
r→+∞

m(r, a)

T (r, f)
= 1−

r→+∞

N(r, a)

T (r, f)

0 ≤ δ(a) ≤ 1 12

q
∑

j=1

δ(aj) ≤ 2

δ(a) > 0 a

a f(z) δ(a)

∑

δ(a) ≤ 2 (13)

11 N1(r)

(q − 2)T (r, f) ≤

q
∑

j=1

N(r, aj) + S(r) (14)



N(r, a) N(r, a)

f(z) = a

14 11 S(r) 14

f(z)

q
∑

j=1

(

1−
r→+∞

N(r, aj)

T (r, f)

)

≤ 2

θ(a) = 1−
r→+∞

N(r, a)

T (r, f)

0 ≤ θ(a) ≤ 1 θ(a) > 0 a

θ(a)

∑

θ(a) ≤ 2 (15)

13

µ(a) =
r→+∞

N(r, a)−N(r, a)

T (r, f)

0 ≤ µ(a) ≤ 1 δ(a) + µ(a) ≤ θ(a)

µ(a) > 0 a µ(a)

∑

µ(a) ≤ 2−
∑

δ(a)

∑

δ(a) 13

|z| < 1
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